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The spontaneous nucleation of accelerating slip along slowly driven frictional interfaces is central
to a broad range of geophysical, physical and engineering systems, with particularly far-reaching
implications for earthquake physics. A common approach to this problem associates nucleation
with an instability of an expanding creep patch upon surpassing a critical length Lc. The crit-
ical nucleation length Lc is conventionally obtained from a spring-block linear stability analysis
extended to interfaces separating elastically-deformable bodies using model-dependent fracture me-
chanics estimates. We propose an alternative approach in which the critical nucleation length is
obtained from a related linear stability analysis of homogeneous sliding along interfaces separating
elastically-deformable bodies. For elastically identical half-spaces and rate-and-state friction, the
two approaches are shown to yield Lc that features the same scaling structure, but with substantially
different numerical pre-factors, resulting in a significantly larger Lc in our approach. The proposed
approach is also shown to be naturally applicable to finite-size systems and bimaterial interfaces,
for which various analytic results are derived. To quantitatively test the proposed approach, we
performed inertial Finite-Element-Method calculations for a finite-size two-dimensional elastically-
deformable body in rate-and-state frictional contact with a rigid body under sideway loading. We
show that the theoretically predicted Lc and its finite-size dependence are in reasonably good quanti-
tative agreement with the full numerical solutions, lending support to the proposed approach. These
results offer a theoretical framework for predicting rapid slip nucleation along frictional interfaces.
I. INTRODUCTION
The process of rupture nucleation in which slowly
driven frictional interfaces (faults) spontaneously develop
elastodynamically propagating fronts accompanied by
rapid slip is of fundamental importance for various fields,
with far-reaching implications for earthquake physics.
Quantitatively understanding the nucleation process is
essential for predicting the dynamics of frictional inter-
faces in general and for earthquake dynamics in particu-
lar. There exists some observational evidence, based on
seismological records [1–3], and some experimental ev-
idence, based on laboratory measurements [4–8], which
suggest that rapid rupture propagation accompanied by a
marked seismological signature is preceded by precursory
aseismic slip. This precursory aseismic slip is commonly
associated with a slowly expanding creep patch defined
as a slipping segment of finite linear size L(t), embedded
within a non-slipping fault. Accelerating slip is expected
to emerge once L(t) surpasses a critical nucleation length
Lc. We note that other nucleation scenarios have been
considered in the literature, see for example Ben-Zion
[12], but are not discussed here.
Various theoretical and computational works have in-
dicated that the nucleation of accelerating slip is related
to a frictional instability [1, 9–17]. From this perspec-
tive, the critical nucleation length Lc corresponds to the
critical conditions for the onset of instability that leads
to accelerating slip and to the spontaneous propagation
of elastodynamic rupture fronts. A major challenge is to
understand the relations between the critical instability
conditions and Lc. In this Letter, we propose a theo-
retical approach for predicting Lc which differs from the
conventional approach.
The conventional approach, based on a single degree-
of-freedom spring-block analysis extended to deformable
bodies using various model-dependent fracture mechanics
estimates, is discussed in the framework of rate-and-state
constitutive laws in Sect. II. Our approach, based on the
stability of homogeneous sliding of elastically-deformable
bodies, is introduced in Sect. III and is shown to yield a
significantly larger Lc for elastically identical half-spaces
and rate-and-state friction. In Sect. IV we show that
the proposed approach is naturally applicable to bima-
terial interfaces, which are of great interest in various
contexts [11, 18–31], and derive analytic results for Lc in
this case, indicating that the bimaterial effect decreases
Lc compared to available predictions in the literature. Fi-
nally, in Sect. V we show that the proposed approach is
applicable to finite-size systems and test our predictions
against inertial Finite-Element-Method calculations for
a finite-size two-dimensional elastically-deformable body
in rate-and-state frictional contact with a rigid body un-
der sideway loading. The theoretically predicted Lc and
its finite-size dependence are shown to be in reasonably
good quantitative agreement with the full numerical so-
lutions, lending support to the proposed approach. Sec-
tion VI offers some concluding remarks and discusses
some prospects.
II. A CONVENTIONAL APPROACH TO
CALCULATING THE NUCLEATION LENGTH Lc
As stated, the most prevalent approach to the nucle-
ation of rapid slip at frictional interfaces associates nu-
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2cleation with an instability of a slowly expanding creep
patch. The creep patch features a non-uniform spatial
distribution of slip velocity, in the quasi-static regime
(where inertia and acoustic radiation are negligible), due
to some external loading. It is assumed to be stable as
long as its length L(t) is smaller than a critical nucleation
length Lc. When L(t)=Lc, the patch becomes unstable
and transforms into a rupture front, accompanied by ac-
celerated slip and dynamic propagation (where inertia
and significant acoustic radiation are involved). As creep
patches are non-stationary objects that involve spatially
varying fields, determining their stability — and hence
Lc — is a non-trivial challenge that typically requires
invoking some approximations.
The most common approximation proceeds in two
steps [13, 32–34]. First, the creep patch and the two
elastically deformable bodies that form the frictional in-
terface are replaced by a rigid block of mass M in contact
with a rigid substrate and attached to a Hookean spring
of stiffness K. That is, all of the spatial aspects of the
problem are first neglected. The external loading and
the typical slip velocity within the patch are mimicked
by constantly pulling the Hookean spring at a velocity
V . The rigid block is pressed against the rigid substrate
by a normal force FN , which gives rise to a frictional
resistance force fFN , where f is described by the fric-
tion law, which may depend on the block’s slip u(t), its
time-derivatives and the state of the frictional interface.
This single degree-of-freedom spring-block system is
described by the force balance equation Mu¨(t)=K(V t−
u(t)) − f(...)FN , where each superimposed dot denotes
a time-derivative. We assume that f(...) can be de-
scribed by the rate-and-state constitutive framework,
where f(u˙(t), φ(t)) is a function of the slip velocity u˙ and
of an internal state variable φ. The latter, which quanti-
fies the typical age/maturity of contact asperities, evolves
according to φ˙=g(φ u˙/D), where D is a memory length-
scale and the function g(Ω) satisfies g(1)=0 and g′(1)<0.
For example, two popular choices, i.e. g(Ω)=1−Ω [9, 35–
38] and g(Ω)=−Ω log Ω [9, 36, 39], feature g′(1)=−1.
Consider then a steady sliding state at a constant driv-
ing velocity u˙=V such that φ=D/V . A standard linear
stability analysis implies that this steady state becomes
unstable if [9, 34–36, 39, 40]
K < Kc ≡ df(V,D/V )
dlog V
g′(1)FN
D
, (1)
where an inertial term proportional to MV 2 has been
neglected. That is, an instability is predicted when the
spring stiffness K is smaller than a critical stiffness Kc.
Note that since generically g′(1) < 0, a necessary con-
dition for instability is df(V,D/V )/dV < 0, i.e. that
the sliding velocity V belongs to the velocity-weakening
branch of the steady state friction curve [9].
In the second step, the analysis is extended to spa-
tially varying fields and elastically deformable bodies —
relevant to realistic creep patches — by identifying the
spring stiffness K in the spring-block system with an
L-dependent effective stiffness Keff(L) in the spatially
varying and elastically deformable system. This is typ-
ically done through some fracture mechanics estimates
which yield [32, 41]
Keff(L) = η
µAn
L
, (2)
where µ is the shear modulus, An is the nominal con-
tact area and the dimensionless number η is a model-
dependent pre-factor. As expected physically, the effec-
tive stiffness of the overall system, Keff , is a decreasing
function of the length of the creep patch, L. Using then
Keff <Kc of Eq. (1) as an instability criterion, one ob-
tains
L > Lc ≡ η µDdf(V,D/V )
dlog V g
′(1)σ0
, (3)
where σ0 =FN/An. The numerical pre-factor η is model-
dependent (e.g. it depends on the crack configuration,
dimensionality and loading configuration) and its value
varies between 2/pi and 4/3 in the available literature [33,
see Table 1]. The nucleation criterion in Eq. (3), with η
close to unity, is widely used in the literature, though we
are not aware of computational or experimental studies
that quantitatively and systematically tested it. Next,
we present a different approach for calculating Lc.
III. AN APPROACH BASED ON THE
STABILITY OF HOMOGENEOUS SLIDING OF
ELASTICALLY-DEFORMABLE BODIES
Our goal here is to propose an alternative approach
to calculating the critical nucleation length Lc. In the
proposed approach, nucleation is viewed as a spatiotem-
poral instability occurring along the creep patch which
is assumed to be stable from the fracture mechanics per-
spective, i.e. to propagate under stable Griffith energy
balance conditions [42]. Since, in general, an elastic body
can be thought of as a scale-dependent spring, one ex-
pects short wavelength λ (large wavenumber k = 2pi/λ)
perturbations to be stable and instability — if it ex-
ists — to emerge beyond a critical (minimal) wavelength
λc (i.e. below a critical wavenumber kc). Consequently,
when the size L(t) of the expanding creep patch is small,
L(t)<2pi/kc, we expect it to be stable. A loss of stabil-
ity is expected when an unstable perturbation can first
fit into the creep patch, i.e. when the patch size satisfies
L(t)=Lc≡2pi/kc.
In this physical picture, the major goal is to calculate
the critical wavenumber kc. There is, however, no unique
and general procedure to study the stability of non-
stationary (time-dependent) and spatially varying solu-
tions such as those associated with an expanding creep
patch. Consequently, we invoke an approximation in
which the spatially varying slip velocity within the creep
patch is replaced by a homogeneous (space-independent)
3characteristic slip velocity V . With this approximation
in mind, we need to study the stability of steady-state
homogeneous sliding of an infinitely long system (in the
sliding direction) in order to calculate kc. Applying the
result to the actual creep patch, accelerating slip nucle-
ation is predicted to occur when L(t)=Lc≡2pi/kc. This
idea has been introduced, pursued and substantiated in
the context of thin layers sliding on top of rigid substrates
in Bar-Sinai et al. [43]. Our aim here is to significantly
generalize the idea to any frictional system.
We consider a long elastic body in the x-direction of
height H(1) in the y-direction steadily sliding with a rel-
ative slip velocity V on top of a long elastic body of
height H(2). The bodies may be made of different elas-
tic materials and are pressed one against the other by
a normal stress σ0, see Fig. 1 (left). As we are inter-
ested in the response of the system to spatiotemporal
perturbations on top of the homogeneous sliding state
at a velocity V , we define the slip displacement (x, t)≡
ux(x, y = 0
+, t) − ux(x, y = 0−, t) and the slip velocity
v(x, t)≡ ˙(x, t), where u(x, y, t) is the displacement field
and y = 0 is the fault plane (the superscript +/– means
approaching the fault plane from the upper/lower body
side, respectively). u(x, y, t) for each body satisfies the
Navier-Lame´ equation ∇·σ= µ1−2ν∇(∇·u) +µ∇2u=ρ u¨,
with its own shear modulus µ, Poisson’s ratio ν and mass
density ρ [44]. The Cauchy stress tensor field σ was re-
lated to the displacement field u through Hooke’s law and
each superimposed dot represents a partial time deriva-
tive.
The fault at y = 0 is assumed to be described
by the rate-and-state constitutive relation τ = σxy =
−f(v, φ)σyy. Fault opening or interpenetration are ex-
cluded, i.e. we assume uy(x, y= 0
+, t) = uy(x, y= 0
−, t),
and σxy and σyy are continuous across the fault. The
internal state field φ(x, t) evolves according to φ˙ =
g(φ u˙/D), with g(1) = 0 and g′(1) < 0, as in Sect. II.
We then introduce interfacial slip perturbations of the
form δ∝exp(Λt− ikx), where Λ is the complex growth
rate and k is the wavenumber. The shear and normal
stress perturbations are related to δ using the solution
of the quasi-static Navier-Lame´ equation, and take the
form δσxy =−µkG1 δ, δσyy = iµ k G2 δ, µ is the shear
modulus of the upper body. We focus on the quasi-
static regime, i.e. excluding inertia, because nucleation
generically takes place in this regime. The quasi-static
elastic transfer functions G1 and G2, see Supporting In-
formation [45], contain all of the information about the
system’s geometry, the elastic properties of the sliding
bodies and loading conditions (e.g. velocity vs. stress
boundary condition). The perturbation in the frictional
resistance takes the form δf = Λ(aΛ`−ζV )V (V+Λ`) δ, where we
used δv = Λδ, and the definitions ` ≡ − Dg′(1) > 0,
a ≡ v ∂f(v,φ)∂v > 0 and ζ ≡ −v df(v,D/v)dv = −df(v,D/v)dlog v (the
latter two are evaluated at v = V ), see Supporting In-
formation. Note that ζ can be both positive (velocity-
weakening friction) and negative (velocity-strengthening
friction) depending on the materials, the sliding velocity
V and physical conditions (e.g. temperature) [46]. For
the small slip velocities regime of interest here we as-
sume that friction is velocity-weakening, hence we con-
sider ζ >0.
The linear perturbation spectrum Λ(k) is determined
by the perturbation of the constitutive relation, which
reads
δτ = δσxy = σ0δf − fδσyy . (4)
Substituting the results for δσxy, δσyy and δf , we obtain
an equation for Λ(k)
µk (G1 − ifG2) + σ0 Λ(aΛ`− ζV )
V (V + Λ`)
= 0 . (5)
Once solutions Λ(k) are obtained, instability is implied
whenever <[Λ(k)] > 0, corresponding to an exponential
growth of perturbations. Consequently, kc is determined
as the largest wavenumber k (smallest wavelength) for
which <[Λ(k)] = 0 and the critical nucleation length is
estimated as Lc≡2pi/kc.
Solutions to Eq. (5) for some cases are available in
the literature. Most notably, for two identical half-
spaces we have G1 = sign(k)[2(1 − ν)]−1 and G2 = 0
(see Supporting Information), where the latter represents
the absence of a bimaterial effect for elastically identical
materials of the same shape/geometry. Plugging these
transfer functions into Eq. (5), one can readily obtain
a known result for the critical wavenumber [40], which
reads kc=2(1− ν)ζσ0µ−1`−1. Using our proposed crite-
rion Lc≡2pi/kc, we obtain
Lc =
pi µ `
ζ(1− ν)σ0 =⇒ η =
pi
1− ν , (6)
where η was defined in Eq. (3). This prediction for the
critical nucleation length is identical to the one in Eq. (3),
which basically follows from dimensional considerations,
once the pre-factor η = pi(1 − ν)−1 is identified as done
above (and the definitions of ` and ζ are recalled). This
value of the pre-factor η is pi times larger than the largest
value we have been able to trace in the available literature
based on the conventional approach, hence we conclude
that the proposed approach predicts a significantly larger
nucleation length Lc for identical half-spaces as compared
to the conventional approach. Indeed, some numerical
simulations of earthquake nucleation indicated that the
conventional prediction with η'1 quite significantly un-
derestimates the observed Lc [15].
The physical picture of nucleation developed in this
section suggests that the origin of nucleation is a linear
frictional instability, while the outcome of nucleation is
typically strongly nonlinear. In particular, the critical
nucleation conditions coincide with the onset of linear
instability when the patch size reaches Lc, then the slip
velocity increases exponentially in the linear regime un-
til nonlinearities set in when the slip velocity is large
4FIG. 1. (left) A long elastic body of height H(1), shear modulus µ(1) and Poisson’s ratio ν(1) sliding on top of another long elastic
body of height H(2), shear modulus µ(2) and Poisson’s ratio ν(2). The color gradients represent the fact that the bodies are
essentially infinitely long. The bodies are pressed one against the other by a normal stress of magnitude σ0 and a homogeneous
sliding state at a relative velocity V (in the figure the lower body is assumed to be stationary) is reached by the application of
a shear stress of magnitude τ0 to the top and bottom edges (not shown). (right) The same as in the left panel, except that the
lower body is infinitely rigid, µ(2)→∞, the upper body is of finite length and the velocity V is applied to the lateral edge at
x=0. Note that the superscript (1) is unnecessary here and hence is omitted.
enough. Finally, the patch breaks up into propagat-
ing rupture fronts. The linear stage of the instability
is expected to be rather generic, and in particular nearly
independent of the exact functional form of g(·) (with
g(1) = 0 and g′(1)< 0) within the rate-and-state consti-
tutive framework and of the background strength of the
fault quantified by the initial age φ(t=0), while the non-
linear stages that follow may depend on the details of the
constitutive relation and the background fault strength.
These generic properties of the onset of nucleation will
be explicitly demonstrated in Sect. V below. Further-
more, we note that the works of Rubin and Ampuero
[47], Ampuero and Rubin [48] apparently focus on the
nonlinear stages of nucleation, which is consistent with
the fact that they find differences between different fric-
tion laws and that their patches can shrink/expand dur-
ing the nonlinear evolution of the instability. The nonlin-
ear stages – on the route to rupture propagation – cannot
take place, though, if the patch does not reach first the
size Lc determined by the linear instability. Hence, we
believe that the above defined Lc is the relevant nucle-
ation length, and not any other length that might char-
acterize the nonlinear evolution of the instability.
IV. APPLICATION TO BIMATERIAL
INTERFACES
The general framework laid down in the previous sec-
tion, unlike the conventional approach, can be naturally
applied to bimaterial interfaces. We consider then two
half-spaces made of different elastic materials, the upper
half-space is characterized by a shear modulus µ(1) and
Poisson’s ratio ν(1) and the lower half-space by a shear
modulus µ(2) and Poisson’s ratio ν(2). It corresponds to
Fig. 1 (left), once the limits H(1)→∞ and H(2)→∞ are
taken. Defining ψ≡ µ(2)/µ(1) and µ≡ µ(1) (i.e. the shear
modulus of the upper body is denoted by µ, as before),
the elastic transfer functions for this bimaterial system
take the form [18] (see also Supporting Information)
G1 =
M
2µ
sign(k), G2 =
βM
2µ
, (7)
where
M≡ 2ψµ(1−β
2)−1
ψ(1−ν(1))+(1−ν(2)) , β≡
ψ(1−2ν(1))−(1−2ν(2))
2[ψ(1−ν(1))+(1−ν(2))] .
(8)
M plays the role of an effective bimaterial modulus,
which approaches µ/(1 − ν) in the identical materials
limit, µ(1) =µ(2) =µ and ν(1) =ν(2) =ν. β, which appears
in G2 but not in G1, vanishes in the identical materials
limit (and consequently G2 vanishes in this limit as well)
and hence it quantifies the bimaterial effect.
The presence of a bimaterial contrast, β 6= 0, intro-
duces a new destabilization effect associated with a cou-
pling between slip and normal stress perturbations, in
addition to the the destabilizing effect associated with
velocity-weakening friction, ζ > 0. Hence, on physical
grounds one expects Lc to decrease with increasing bi-
material contrast. To test this, we insert G1,2 of Eq. (7)
into Eq. (5) and calculate kc, obtaining the following ex-
pression for Lc=2pi/kc
Lc=
piM`
ζσ0
(fβ)2
(
1 + ζ/a−
√
(1 + ζ/a)
2
+
4 ζ/a
(fβ)2
)
+ 2 ζ/a
2 ζ/a
.
(9)
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FIG. 2. The critical nucleation length Lc (normalized by L
M
c ) for bimaterial interfaces separating two half-spaces, cf. Eq. (9),
plotted as a function of fβ for various values of ζ/a.
The first multiplicative contribution on the right-hand-
side, LMc ≡ piM`ζσ0 , is obtained by replacing µ/(1−ν) in our
result in Eq. (6) by the effective modulus M. A similar
replacement has been proposed by Rubin and Ampuero
[31] in the context of a different heuristic estimate of the
critical nucleation length for bimaterial interfaces. Con-
sequently, we plot in Fig. 2 Lc of Eq. (9), normalized by
LMc , as a function of fβ for various values of ζ/a. It is
observed that Lc for bimaterial interfaces is generically
smaller than the conventional estimate LMc , indicating
that bimaterial interfaces may be more unstable than
previously considered. We note in passing that Eq. (9) re-
mains valid also in the presence of velocity-strengthening
friction, ζ < 0, for which it predicts that for sufficiently
strong bimaterial contrasts, fβ ≥ 2
√−aζ
a+ζ , instability is
implied even for velocity-strengthening friction [18].
V. APPLICATION TO FINITE-SIZE SYSTEMS
AND COMPARISON TO INERTIAL
FINITE-ELEMENT-METHOD CALCULATIONS
The general framework laid down in section III, un-
like the conventional approach, can be naturally applied
to finite-size systems. To demonstrate this, we consider
here a system that features both finite dimensions and
a bimaterial contrast. In particular, we consider a long
deformable body of height H, and of elastic constants µ
and ν, in rate-and-state frictional contact with a rigid
substrate under the application of a compressive stress
σ0 and a shear stress τ0. This configuration corresponds
to Fig. 1 (left), once the limit µ(2)→∞ is taken. In this
case, the elastic transfer functions appearing in Eq. (5)
take the form (see Supporting Information)
G1 =
4(1− ν)(2Hk + sinh(2Hk))
2H2k2 + (3− 4ν) cosh(2Hk)− 4ν(3− 2ν) + 5 ,
G2 =
4
(
H2k2 + (1− 2ν) sinh2(Hk))
2H2k2 + (3− 4ν) cosh(2Hk)− 4ν(3− 2ν) + 5 .
(10)
When substituted in Eq. (5), we obtain a complex equa-
tion which is not analytically tractable, but rather is
amenable to numerical analysis. Let us denote the so-
lution by kc(H) and the corresponding prediction for the
critical nucleation length by Lc(H)=2pi/kc(H).
Equation (5), with G1,2 of Eq. (10), does admit an an-
alytic solution in the limit Hk→0, i.e. when the system
height H is small compared to field variations parallel to
the interface characterized by a lengthscale ∼ k−1. In
this limit, we find G1'2Hk(1−ν)−1 and G2'0. Using
these in Eq. (5), we obtain
L(Hk→0)c ' 2pi
√
2Hµ`
ζ(1− ν)σ0 . (11)
L
(Hk→0)
c predicts the smallH behavior of Lc(H) and con-
strains any numerical calculation of Lc(H) to be quan-
titatively consistent with it in this limit. In addition,
it is fully consistent with the results of Bar-Sinai et al.
6[43]. We numerically calculated Lc(H) for the follow-
ing set of parameters: µ = 3.1 GPa, ν = 1/3, f = 0.41,
a = 0.0068, ζ = 0.016, σ0 = 1 MPa, ` = 0.5µm, and
V = 10µm/s (the latter corresponds to an applied shear
stress τ0 = f(V, φ = D/V )σ0). The result is plotted in
the main panel of Fig. 3 (solid line). When L
(Hk→0)
c
of Eq. (11) is superimposed on it (dashed line), perfect
agreement at small H and significant deviations at larger
H are observed, as expected.
Our goal now is to quantitatively test the ability of
the calculated Lc(H) to predict the critical nucleation
length in a realistic situation in which a slowly expand-
ing creep patch spontaneously nucleates accelerating slip.
We would also like to test the theoretical prediction that
Lc is nearly independent of the specific friction law (in
particular the aging vs. the slip φ evolution laws) and
the background fault strength (the initial value of φ). To
these aims, we performed inertial Finite-Element-Method
(FEM) calculations that are directly relevant for the geo-
metrical configuration and material parameters discussed
in the last two paragraphs. In particular, we consider a
deformable body of height H which is also of finite ex-
tent in the direction parallel to the interface and which
is loaded (by an imposed velocity V = 10µm/s that is
initiated at t= 0) at its lateral edge (defined as x= 0),
rather than at its top edge at y=H, see Fig. 1 (right).
The advantage of this sideway loading configuration is
that it naturally generates a creep patch that slowly ex-
pands from x = 0 along the interface, cf. the inset of
Fig. 3. The interface is first described by the aging rate-
and-state constitutive relation with φ˙ ' 1−φv/D and
f(v, φ)'f0+a log(v/V )+(ζ+a) log(φV/D), where f0 =0.41
and the other parameters are as above. The initial con-
ditions are v(t=0)=0 and φ(t=0)=1s. The full consti-
tutive relation used in the FEM calculations, which also
allows a transition from stick (v= 0) to slip (v > 0), can
be found in the supporting information [49].
Our theoretical approach predicts that the creep patch
loses its stability and develops accelerating slip upon
reaching a certain critical length. This is indeed observed
in the inset of Fig. 3, where the slip velocity blows up
when the creep patch reaches a certain length. We then
measured the critical length in inertial FEM calculations
for different system heights H (in addition to the inset of
Fig. 3, see also the supporting information for the details
of the determination of Lc in the numerical calculations)
and superimposed the results for the aging law (red cir-
cles) on the main panel of Fig. 3. It is observed that the
theoretical prediction for the critical nucleation length
Lc(H) is in reasonably good quantitative agreement with
the FEM results for the full range of system heights H.
This major result lends serious support to the approach
developed in this Letter.
In order to test whether the theoretically predicted
critical nucleation length Lc(H) is indeed nearly inde-
pendent of the details of the friction law, we repeated
the above described FEM calculations for H = 0.01 m
and H = 0.05 m with the slip law instead of the aging
law; that is, we used φ˙ ' −(φv/D) log(φv/D) (the full
constitutive relation can again be found in the support-
ing information). The resulting critical nucleation length
(black triangles in main panel of Fig. 3) for both H val-
ues exhibits only a small variation (less than 10%) com-
pared to the results for the aging law. Furthermore, we
repeated the above described FEM calculations for the
aging law with H = 0.1 m, except that we increased the
initial age of the fault by three orders of magnitude, from
φ(t= 0) = 1 s to φ(t= 0) = 103 s. The resulting critical
nucleation length (brown square in main panel of Fig. 3)
exhibits only a small variation (less than 10%) compared
to the result for φ(t=0)=1 s. These results lend strong
support to the idea that the critical nucleation length Lc
is determined by a linear instability that is reasonably
predicted by the procedure developed in this Letter.
VI. CONCLUDING REMARKS
In this Letter we developed a theoretical approach for
the calculation of the critical nucleation length for accel-
erating slip Lc. The proposed approach builds on existing
literature by adopting the view that nucleation is associ-
ated with a linear frictional instability of an expanding
creep patch. It deviates from the conventional approach
in the literature by replacing the problem of the stability
of a spatiotemporally varying creep patch by an effec-
tive homogeneous sliding linear stability analysis for de-
formable bodies, rather than invoking a spring-block sta-
bility analysis supplemented with some fracture mechan-
ics estimates for deformable bodies. The quality of the
predictions emerging from the proposed approach there-
fore depend on the degree by which the creep patch can
be approximated by spatially homogeneous fields. This
approximation is expected to be reasonable in many cases
in light of the weak/logarithmic velocity dependence of
friction in many materials. The temporal aspects of the
creep patch propagation are taken into account by the
requirement that it becomes unstable upon attaining a
length for which an unstable mode from the homogeneous
linear stability analysis can be first fitted into.
The proposed approach is rather general and applies
to a broad range of physical situations. For sliding along
rate-and-state frictional interfaces separating identical
elastic half-spaces, it has been shown to predict a sig-
nificantly larger nucleation length compared to the con-
ventional approach. For sliding along rate-and-state fric-
tional interfaces separating different elastic half-spaces,
the proposed approach has been shown to predict a bi-
material weakening effect which appears to be stronger
than previously hypothesized, resulting in a smaller nu-
cleation length. Finally, the proposed approach has been
applied to finite-height systems. For this case, the sce-
nario of a loss of stability of an expanding creep patch has
been directly demonstrated using inertial FEM calcula-
tions and the predicted nucleation length has been shown
to be in reasonably good quantitative agreement with di-
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FIG. 3. The theoretical prediction for the critical nucleation length Lc for a generic rate-and-state constitutive relation as a
function of the height H of an elastic body sliding on top of a rigid substrate (solid line). The material, interfacial and loading
parameters are given in the text. The analytic approximation for Lc(H) in the Hk→ 0 limit, cf. Eq. (11), is added (dashed
line). The nucleation length measured in inertial FEM simulations of a finite elastic body of height H under sideway loading
for the aging law (see text and Fig. 1 (right) for details) is shown as a function of H (red circles). For H=0.01 m and H=0.05
m, Lc for the slip law is also shown (black triangles), demonstrating small variation compared to the result for the aging law.
For H = 0.1 m, Lc for φ(t= 0) = 10
3 s is also shown (brown square), demonstrating small variation compared to the result
for φ(t= 0) = 1 s (i.e. three orders of magnitude difference in the initial age of the fault). (inset) A sequence of snapshots in
time (see legend) of the slip velocity field in inertial FEM simulations for the aging law with H = 0.1 m, demonstrating the
propagation of a creep patch from the loading edge at x= 0 into the interface. At a certain creep patch length (denoted by a
vertical dashed line and a horizontal double-head arrow) an instability accompanied by accelerated slip takes place. This is the
numerically extracted nucleation length for this height H, as can be seen in the main panel.
rect FEM results for a range of system heights. The qual-
ity of the theoretical predictions has been shown to be
nearly independent of the specific friction law used (aging
vs. slip laws) and the background strength of the fault.
These results offer a theoretical framework for predicting
rapid slip nucleation along faults and hence may give rise
to better short-term earthquake prediction capabilities.
The proposed approach can and should be quantitatively
tested in a wide variety of interfacial rupture nucleation
problems, using both theoretical tools and extensive nu-
merical simulations.
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“Critical nucleation length for accelerating frictional slip”
INTRODUCTION
The goal of this Supporting Information file is to provide additional details regarding the derivation of the theoretical
results (Text S1) and Finite-Element-Method (FEM) calculations (Text S2) appearing in the main text.
TEXT S1: DERIVATION OF THEORETICAL RESULTS APPEARING IN THE MAIN TEXT
1. The transfer functions G1 and G2 in plane-strain elasticity
We consider a two-dimensional (2D) elastic body that occupies the region −∞ < x <∞ and 0 ≤ y ≤ H under
plain-strain conditions. The bottom boundary of the body at y=0 is in contact with another body and hence some
boundary tractions are generated at the interface. The latter are described by the interfacial stress components σyi
(constituting a vector where i= x, y). Our first goal would be to explicitly calculate the quasi-static (i.e. excluding
inertia) relation between σyi and the interfacial displacement u in the form δui=Mijδσyj , i.e. to calculate the matrix
M . The body satisfies quasi-static equilibrium (momentum balance) and linear elasticity (Hooke’s law) [S1]
∇ · σ = 0 ,
 σxxσyy
σxy
 = 2µ
1− 2ν
 1− ν ν 0ν 1− ν 0
0 0 1− 2ν
 εxxεyy
εxy
 , (S1)
where εij≡ 12 (∂iuj + ∂jui) is the infinitesimal strain tensor (not to be confused with the slip displacement discontinuity
vector i), σ is Cauchy’s stress tensor, and µ and ν are the shear modulus and Poisson’s ratio, respectively.
At the top boundary y=H the body is loaded by imposing a horizontal velocity V and a compressive normal stress
σyy=−σ0 (with σ0>0). The homogeneous solution uh consistent with these boundary conditions reads
uh(y, t) ≡
(
V t+
fσ0
µ
y , − 1− 2ν
2(1− ν)
σ0
µ
y
)
. (S2)
Since the equations of motion are linear, one can decompose a general solution to a sum of the steady solution of
homogeneous sliding and a deviation from it, and write u(x, y, t) = uh(y, t) + δu(x, y, t). The boundary conditions
(BC) at y=H are
∂t(δux) = 0 and δσyy = 0 . (S3)
Consider now a single Fourier mode, i.e. assume that all fields depend on x and t as ∝ eΛt−ikx, for which Eq. (S1)
admits a solution of the form
δu = eΛt−ikx×(
A1e
ky +A2e
−ky +A3kyeky +A4kye−ky
iA1e
ky − iA2e−ky + iA3 (ky − κ) eky − iA4 (ky + κ) e−ky
)
,
(S4)
where Ai are 4 (yet) unknown amplitudes which are determined by employing 4 boundary conditions, and κ≡3−4ν.
Note that Eq. (S4) remains valid for plain-stress conditions, but with κ= 3−ν1+ν . Applying two boundary conditions at
y=H, cf. Eq. (S3), the solution takes the form
δu = eΛt−ikx×(
B1 sinh (q (1− y˜))−B2q
(
e−q(1−y˜) − y˜ cosh (q (1− y˜)))
−iB1 cosh (q (1− y˜))− iB2
(
κ cosh (q (1− y˜)) + q (e−q(1−y˜) + y˜ sinh (q (1− y˜))))
)
,
(S5)
where q≡Hk, y˜ ≡y/H and the two amplitudes B1 and B2 remain unspecified (they depend on the contact interactions
at the interface, which remain unspecified). Using Hooke’s law and momentum balance, cf. Eq. (S1), one can express
S2
the relation between the interfacial displacements ui (y˜=0) and the interfacial stresses σyi (y˜=0), for any B1 and B2,
in the form δui=Mij(k)δσyj [S2], where
M =
1
2kµ (sinh (2Hk)− 2Hk)×( −4(1− ν) sinh2(Hk) i(2Hk + (1− 2ν) sinh(2Hk))
−i(2Hk + (1− 2ν) sinh(2Hk)) −4(1− ν) cosh2(Hk)
)
.
(S6)
Note that in case that the body under consideration occupies the region in space −H≤y≤0 (with H>0) the analysis
remains valid, but H should be replaced by −H. This simply amounts to changing the sign of the diagonal entries of
M in Eq. (S6). In the limit Hk→∞, the matrix M takes the form
M =
1
2kµ
( −2(1− ν)sign(Hk) i(1− 2ν)
−i(1− 2ν) −2(1− ν)sign(Hk)
)
. (S7)
The matrix M characterizes a single body. Next, we aim at calculating the response of a general composite system,
composed of two bodies made of different linear elastic materials of different heights in frictional contact (both bodies
are assumed to be infinite in the x-direction). The upper body, denoted by the superscript (1), is assumed to occupy
the region 0< y < H(1) and the lower one, denoted by the superscript (2), the region −H(2) < y < 0 (with positive
H(i)). Since µ and ν may be different for the different bodies, they are also labeled with a superscript. Following the
previous derivation, the displacements at the frictional interface y=0 are given as(
δu(1)x
δu(1)y
)
= M (1)
(
δσ(1)yx
δσ(1)yy
)
,
(
δu(2)x
δu(2)y
)
= M (2)
(
δσ(2)yx
δσ(2)yy
)
. (S8)
Since both σyx=σxy and σyy are continuous at y=0, the displacement discontinuity can be written as(
δu(1)x − δu(2)x
δu(1)y − δu(2)y
)
=
(
M (1) −M (2)
)(
δσyx
δσyy
)
. (S9)
Since we exclude opening gaps u(1)y − u(2)y = 0, but allow a slip discontinuity δ≡ δu(1)x − δu(2)x (cf. the main text), we
obtain the following relation between δσyi and δ [S2](
δσyx
δσyy
)
= G
(
δ
0
)
, where G ≡
(
M (1) −M (2)
)−1
. (S10)
We thus write
δσyx = δσxy = −µ(1) k G1 δ , δσyy = iµ(1) k G2 δ , (S11)
as in Sect. 3 in the main text, with the definitions G1≡−Gxx/(µ(1)k) and G2≡−iGyx/(µ(1)k). Note that in systems
with reflection symmetry with respect to the interface M (2) is obtained from M (1) simply by taking H → −H.
Therefore, the diagonal terms of M (1) and M (2) have opposite signs and the off-diagonal terms are identical, or in
other words, M (1)−M (2) is diagonal. Thus, G is also diagonal, i.e. G2 =0, and no coupling exists between tangential
motion and normal traction in this case (i.e. for symmetric systems) [S3]. For example, in the case addressed in Sec. 3
of the main text we have µ(1) = µ(2) ≡ µ, ν(1) = ν(2) ≡ ν, and H(n)→∞ for n=1, 2 these in Eqs. (S7) and (S10), one
obtains [S4]
G1 =
sign(k)
2(1− ν) , G2 = 0 . (S12)
2. Application to bimaterial interfaces
In Sec. 4 in the main text we apply our approach to the case of two half-spaces made of different materials. In this
case, one can use Eq. (S7) for M (n). For the ease of notation we define µ(1)=µ and µ(2)=ψµ, leading to [S4]
M (1) =
1
2kµ
( −2(1− ν(1))sign(k) i(1− 2ν(1))
−i(1− 2ν(1)) −2(1− ν(1))sign(k)
)
,
M (2) =
1
2kψµ
(
2(1− ν(2))sign(k) i(1− 2ν(2))
−i(1− 2ν(2)) 2(1− ν(2))sign(k)
)
.
(S13)
S3
This leads to
G1 =
M
2µ
sign(k) , G2 =
βM
2µ
, (S14)
where
M≡ 2ψµ(1−β
2)−1
ψ(1−ν(1))+(1−ν(2)) , β≡
ψ(1−2ν(1))−(1−2ν(2))
2[ψ(1−ν(1))+(1−ν(2))] , (S15)
which identify with Eqs. (7)-(8) in the main text.
3. Application to finite height systems
In Sec. 5 in the main text a finite height H body in frictional contact with an infinitely rigid substrate was considered.
The requirement that the bottom layer is infinitely rigid leads to the boundary condition uy = 0 at the interface. In
addition, since we consider here a constant shear stress at the top boundary, rather than a constant tangential velocity,
the BC’s in Eq. (S3) are replaced by
δσyx(y=H) = 0 , δσyy(y=H) = 0 and uy(y=0) = 0 . (S16)
Using Eq. (S16), we obtain a modified solution
δu = AeΛt−ikx× 2(2q2(y˜−1) cosh(qy˜)+q((4ν−3)(y˜−2) sinh(qy˜)−y˜ sinh(q(y˜−2)))+(4ν−3) cosh(q(y˜−2))+(4(3−2ν)ν−5) cosh(qy˜))2q+e2q+3−4ν
i
4(q2y˜+4ν2−6ν−q2+2) sinh(qy˜)−2qy˜((3−4ν) cosh(qy˜)+cosh(q(y˜−2)))
2q+e2q+3−4ν
 , (S17)
with one undetermined amplitude A. Since in this case δ=δux, G1 and G2 can be calculated directly from Eq. (S17),
without any matrix algebra. The solution reads
G1 =
4(1− ν)(2Hk + sinh(2Hk))
2H2k2 + (3− 4ν) cosh(2Hk)− 4ν(3− 2ν) + 5 ,
G2 =
4
(
H2k2 + (1− 2ν) sinh2(Hk))
2H2k2 + (3− 4ν) cosh(2Hk)− 4ν(3− 2ν) + 5 ,
(S18)
as appears in Eq. (10) in the main text.
4. The linear stability spectrum and finding the critical wavenumber
The transfer functions G1 and G2 are plugged in Eq. (4) in the main text. The latter transforms into a linear
stability spectrum equation once δf is calculated, which is done as follows [S5, S6]. As f is a function of v and φ, we
have
δf =
∂f(v, φ)
∂v
δv +
∂f(v, φ)
∂φ
δφ =
(
∂f(v, φ)
∂v
+
∂f(v, φ)
∂φ
δφ
δv
)
δv , (S19)
where all the derivatives are evaluated at v=V and φ=D/V . Next we insert v=V +εeΛt−ikx and φ= DV +εAφe
Λt−ikx
into the φ evolution equation φ˙=g
(
vφ
D
)
, with g(1)=0 and g′(1) < 0, and expand to leading order in ε to obtain
εeΛt−ikxΛAφ = εeΛt−ikx
g′(1)
(
V 2Aφ +D
)
DV
=⇒ Aφ = Dg
′(1)
V (DΛ− V g′(1)) =
δφ
δv
. (S20)
Using ∂V f
(
V, DV
)
=∂vf (v, φ)− DV 2 ∂φf (v, φ) (evaluated at steady state, as described above), together with δv=Λδ
and Eq. (S20), we find
δf =Λ
(
∂vf (v, φ) +
V 2
D
(
∂vf (v, φ)− ∂V f
(
V,
D
V
))
Dg′(1)
V (DΛ− V g′(1))
)
δ =
Λ
(
DΛ∂vf (v, φ)− V g′(1)∂V f
(
V, DV
)
DΛ− V g′(1)
)
δ = Λ
aΛ`− ζV
V (V + Λ`)
δ ,
(S21)
S4
where we have defined `≡− Dg′(1) >0, a≡v ∂f(v,φ)∂v >0 and ζ≡−v df(v,D/v)dv =−df(v,D/v)dlog v (the latter two are evaluated at
v=V ). Substituting δf of Eq. (S21) into Eq. (4) in the main text, we obtain the general linear stability spectrum in
Eq. (5) in the main text, which is reproduced here
S(Λ, k) = µk (G1 − ifG2) + σ0 Λ(aΛ`− ζV )
V (V + Λ`)
= 0 , (S22)
with the extra notation S(Λ, k) which is omitted in the main text. Equation (S22) is then used to find the critical
wavenumber. To that aim, we look for solutions to Eq. (S22) of the form S(iω, kc)=0, where ω is a real frequency [S5].
Inserting this into Eq. (S22) and using the fact that all the quantities in the equation are real now, we split the equation
into its real and imaginary part as follows
µkcG1 = σ0
ω2`(a+ ζ)
V 2 + ω2`2
, fG2µkc = σ0
ω
(
aω2`2 − ζV 2)
V 3 + V ω2`2
. (S23)
These equations are solved, either analytically (as in Sec. 4 in the main text) or numerically (as in Sec. 5 in the main
text). Notice that if G2 =0, i.e. in the absence of coupling between slip and normal stress variations, Eq. (S23) implies
that ω=
√
ζ
a
V
` , which is independent of material parameters or external normal loading. Once Eq. (S23) is solved,
we obtain our prediction for the critical nucleation length Lc=2pi/kc. If more than one solution exists, we choose the
largest value of kc, as we are interested in a minimal nucleation length.
TEXT S2: DETAILS OF THE FINITE-ELEMENT-METHOD (FEM) CALCULATIONS
We consider a deformable body of height H which is also of finite extent L in the direction parallel to the contact
interface with a rigid substrate (defined by y= 0). L is taken to be much larger than the nucleation length, LLc,
such that it plays no role in the obtained results. The deformable body is loaded by an imposed velocity V =10µm/s
at its lateral edge (defined as x= 0), initiated at t= 0. The top boundary is under compressive stress of magnitude
σ0 =1 MPa and no other forces are externally applied. The interface is initially at rest, v=0, and its “age” is set to
φ=1 s. The complete set of boundary conditions for the displacement vector field u(x, y, t) and the stress tensor field
σ(x, y, t) take the form (for t≥0)
ux(x=0, y, t)=V t, σxy(x=0, y, t)=0, σxx(x=L, y, t)=0, σxy(x=L, y, t)=0,
σyy(x, y=H, t)=−σ0, σxy(x, y=H, t)=0, uy(x, y=0, t)=0,
σxy(x, y=0, t)=−f(v, φ)σyy(x, y=0, t), (S24)
where f(v, φ) is the friction law.
1. The friction law
The friction law used in the Finite-Element-Method (FEM) calculations should be fully consistent with the aging
rate-and-state friction law presented in the main text, but must also go beyond it. The reason for this is that
conventional rate-and-state models do not describe the transition from stick (v=0) to slip (v>0), which is essential
for spatiotemporal nucleation dynamics in general and for the propagation of a creep patch in particular. In fact,
they feature a divergence in the v→0 limit. To provide a physically sensible description of the transition from stick
to slip, and to regularize the friction law, we used
f (v, φ) =
(
1 + b log
(
1 +
φ
φ∗
)) θ√
1 + (v0/v)
2
+ ξ log
(
1 +
v
v∗
) (S25)
and
φ˙ = 1− φ
√
v2 + v20
D
, (S26)
where θ and ξ are dimensionless parameters, φ∗ and v∗ are short time and slip velocity scales, and v0 is an extremely
small regularization slip velocity. b is the ordinary aging coefficient. The values of all parameters are given in Table I.
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The existence of an extremely small, yet finite, v0 in the above equations ensures that f vanishes in the limit v→0 and
that stick conditions are properly described. The friction law of Eqs. (S25)-(S26), under steady state conditions, is
shown in Fig. S1 (purple line). Note that the steady state friction curve exhibits a transition to velocity-strengthening
friction [S7] above some characteristic slip velocity at which the curve attains a minimum, but it plays no role in the
nucleation process. The latter is dominated by a smaller slip velocity V , well within the velocity-weakening branch
of the friction law (denoted by a vertical dashed line in Fig. S1).
While the v0-regularization is essential near the leading edge of the expanding creep patch, where the transition
from stick to slip takes place, for most of the creep patch — where the typical slip velocity is V v0 — it is irrelevant
and the conventional rate-and-state equations presented in the main text are valid. To see this, we expand the full
friction law around V =10−5 m/s, which is 4 order of magnitude larger than v0, to obtain
f (v, φ) ' f0 + a log
( v
V
)
+ (ζ + a) log
(
V φ
D
)
, (S27)
and
φ˙ ' 1− φv
D
, (S28)
with f0 =0.414, a=0.00682 and ζ=0.0156, as appears in the main text (the values are reported in a rounded format).
Finally, the steady state friction curve corresponding to Eqs. (S27)-(S28) is superimposed on Fig. S1 (straight blue
line). It is observed that the approximated rate-and-state friction law agrees extremely well with the full friction law
over a huge range of slip velocities within the velocity-weakening branch.
When the slip law is used, Eq. (S26) is replaced by
φ˙ = −
(
φ
√
v2 + v20
D
)
log
(
φ
√
v2 + v20
D
)
, (S29)
which is very well approximated by φ˙'−
(
φv
D
)
log
(
φv
D
)
almost everywhere in space throughout the dynamics.
2. Numerical implementation
The problem defined above is solved using the FEM software package FreeFem++ [S8]. The partial differential
equations are solved in a monolithic scheme on a triangular mesh using a real space implementation. The fully inertial
evolution equations are expressed in weak form in the spirit of the finite element method. The time derivatives are
expressed via finite differences. The frictional boundary condition is implemented via a semi-implicit integration
scheme. Prior to the initiation of the sideway loading, the elastic fields corresponding to the uniform compressive
stress, with no slip at the interface, are computed.
A homogeneous grid spacing with a typical number of Nx = 400 and Ny = 150 meshpoints in x- and y-direction,
respectively, is used. An adaptive timestep is employed, which varies typically between dt= 10−3 s and dt= 10−6 s
to capture both the slow penetration of the creep patch and faster rupture events that follow nucleation. The overall
force (per unit depth) needed to maintain a fixed sideway velocity, fd(t) =
∫H
0
σxx(x= 0, y, t) dy, is tracked. As the
instability that marks the onset of nucleation evolves much faster than the expanding creep patch, it is accompanied
by an abrupt drop in fd(t), which provides a clear indication of an instability and hence is used to determine the
critical nucleation length Lc in a given simulation. An example, including the associated space-time plot of the ratio
between the interfacial shear stress and the applied normal stress τ/σ0, is presented in Fig. S2.
Parameter Value Units
D 5× 10−7 m
b 0.075 -
v∗ 10−7 m/s
θ 5/18 -
φ∗ 3.3× 10−4 s
v0 10
−9 m/s
ξ 0.005 -
TABLE I. The values of all of the friction law parameters appearing in Eqs. (S25)-(S26).
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FIG. S1. The steady state friction curve (purple line) corresponding to the full model in Eqs. (S25)-(S26) and the approximated
one (blue line) corresponding to Eqs. (S27)-(S28). The vertical dashed line corresponds to V .
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FIG. S2. An example of a solution with the aging law, Eqs. (S25)-(S26), for H = 0.005 m. (upper panel) A space-time plot
of the ratio between the interfacial shear stress and the applied normal stress τ/σ0. (lower panel) The corresponding overall
applied force fd(t). Both panels clearly demonstrate the existence of a distinct instability occurring at t'13 s. It corresponds
to Lc ' 0.15 m (cf. Fig. 3 in the main text) and is followed by dynamic rupture propagation that occurs on a dramatically
shorter timescale (hence it appears as a vertical step in the space-time plot in the upper panel).
